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Abstract
A theory of higher-derivative 2D dilaton gravity which has its roots in the massive higher-
spin mode dynamics of string theory is suggested. The divergences of the effective action to
one-loop are calculated, both in the covariant and in the conformal gauge. Some technical
problems which appear in the calculations are discussed. An interpretation of the theory as
a particular D=2 higher-derivative σ-model is given. For a specific case of higher-derivative
2D dilaton gravity, which is one loop multiplicatively renormalizable, static configurations
corresponding to black holes are shown to exist.
1E-mail: eli @ ebubecm1.bitnet
2 Also at Tomsk Pedagogical Institute, 634041 Tomsk, Russian Federation. E-mail: odintsov @
ebubecm1.bitnet
1
1. Introduction. It is well known by now that the one-dimensional string (or the one-
dimensional σ-model) describes the so-called 2D gravity. Such a theory has been very pop-
ular recently as a toy model for the study of formal questions of quantum gravity, for the
investigation of the black hole structure and Hawking radiation, for its interesting connec-
tions with conformal field theory, and so on. A huge volume of literature on this field
exists already and it is generally expected that the study of 2D gravity will help us in the
construction of a consistent theory of 4D quantum gravity.
Different models of 2D gravity have been considered. A very popular one, which follows
from a one-dimensional σ-model, is described by the action
S = −
∫
d2x
√
g [c1(Φ)g
µν∂µΦ∂νΦ+ c2(Φ)R + V (Φ)] , (1)
where Φ is the dilaton field. However, this action is actually the one-dimensional analog of
the action which describes the massless modes of the string. In order to take into account
the first level massive higher-spin modes, one has to modify the standard bosonic σ-model,
including also all possible terms with quartic derivatives [1]. Different approaches have been
developed so far [1, 2] for the description of the massive string excitations, but only in the
linear field approach.
It seems quite reasonable to formulate the theory of 2D gravity which stems from the
massive mode string dynamics and to study this theory along the same lines as the usual 2D
dilaton gravity. Of course such a theory will be one with higher derivatives. Its investigation
may be useful in order to understand general properties of quantum gravity, and also perhaps
for obtaining the dynamics of massive string modes, since it seems that this 2D gravity with
higher derivatives should be easier to understand than real strings.
Motivated by these considerations, we start from the following action which includes all
possible quartic derivative terms:
S = −
∫
d2x
√
g
[
a1(Φ)g
µνgαβ∂µΦ∂νΦ∂αΦ∂βΦ + a2(Φ)g
µνgαβ∂µΦ∂αΦ∇ν∂βΦ
+ a3(Φ)g
µνgαβ∇µ∂αΦ∇ν∂βΦ+ a4(Φ)gµν∂µΦ∂νΦ✷Φ + a5(Φ)gµν✷∂µΦ∂νΦ
+ a6(Φ)✷Φ✷Φ + a7(Φ)✷
2Φ + a8(Φ)g
µνǫαβ∇µ∂αΦ∇ν∂βΦ
+ a9(Φ)ǫ
µν
✷∂µΦ∂νΦ+ a10(Φ)ǫ
µνgαβ∂µΦ∂αΦ∇ν∂βΦ + a11(Φ)Rgµν∂µΦ∂νΦ
+ a12(Φ)g
µν∂µR∂νΦ + a13(Φ)R✷Φ + a14(Φ)✷R + a15(Φ)R
2 + a16(Φ)ǫ
µν∂µR∂νΦ
+ C1(Φ)g
µν∂µΦ∂νΦ+ C2(Φ)R + C3(Φ)✷Φ + V (Φ)] . (2)
Here we suppose that all the functions of the dilaton Φ (coefficients) are analytic, ǫµν is an
antisymmetric tensor, the dimensions are: [a] = L2, [C] = L0, [V ] = L−2, and the minus
sign in front of the action is chosen for convenience.
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Integrating the action (2) by parts and dropping total derivatives (in full analogy with
string theory [1]), we obtain
S = −
∫
d2x
√
g
[
Z1(Φ)g
µνgαβ∂µΦ∂νΦ∂αΦ∂βΦ + Z2(Φ)g
µνgαβ∂µΦ∂αΦ∇ν∂βΦ
+ Z3(Φ)g
µνgαβ∇µ∂αΦ∇ν∂βΦ+ Z4(Φ)Rgµν∂µΦ∂νΦ + Z5(Φ)R✷Φ + Z6(Φ)R2
+ C1(Φ)g
µν∂µΦ∂νΦ + C2(Φ)R + V (Φ)] . (3)
In the next sections we will discuss the quantum structure of the action (3), which is going to
be our starting point. In particular, we will calculate the one-loop divergences of the theory
given by (3) in covariant and conformal gauges.
2. One-loop renormalization. Let us start the calculation of the one-loop divergences of
the theory under discussion. In what follows we shall assume that Z6(Φ) has no zeros, and
that
∆ ≡ det
 4Z6 −Z5
−Z5 Z3
 6= 0. (4)
Such restriction appears in the course of the calculation, but its precise physical meaning is
not clear. We are going to work in the background field method, according to which we set
Φ −→ Φ + ϕ, gµν −→ gµν + hµν , (5)
where ϕ and hµν are quantum fields, and the following notations will be used: h = g
µνhµν
and h¯µν = hµν − 12gµνh. Working in the covariant effective action formalism —developed for
2D dilaton gravity (1) in Refs. [3]— the problem reduces to the calculation of the tr log from
the fourth order differential operator Ĥ , which is essentially the second functional derivative
of the action (3).
This operator contains 3 × 3-matrices acting on the space of quantum fields Φi ≡
{ϕ, h, h¯µν}. If minimal gauge conditions are used, it takes the form
Ĥij = K̂ij✷
2 + L̂µνλij ∇µ∇ν∇λ + M̂µνij ∇µ∇ν + Ûλij∇λ + Ŷij. (6)
Without loss of generality, we take L̂µνλ and M̂µν to be fully symmetric in their greek indices.
As the matrices K̂, L̂ and M̂ do not commute with the covariant derivative, a naive
choice of their components can get changed when integrating by parts. The remedy to this
situation is found in ’t Hooft and Veltman’s procedure [4], which yields unique Hermitian
matrices, according to the rule
K̂ −→ K̂ ′ = 1
2
(K̂ + K̂T ),
L̂µνλ −→ L̂′µνλ = 1
2
(L̂µνλ − L̂Tµνλ) + 2
3
(gνλ∇µK̂T + gµλ∇νK̂T + gµν∇λK̂T ),
3
M̂µν −→ M̂ ′µν = 1
2
(M̂µν + M̂Tµν)− 3
2
∇λL̂Tµνλ +∇µ∇νK̂T
+∇ν∇µK̂T + gµν✷K̂T , (7)
and so on. Notice that the matrices Ûλ and Ŷ have no effect on the one-loop divergences.
The divergent part of the Tr log Ĥ (modulo surface terms) may be expressed as follows
i
2
Tr log Ĥ
∣∣∣
div
=
i
2
Tr log
[
1̂✷2 + Ŝµνλ∇µ∇ν∇λ + N̂µν∇µ∇ν + Ûλ∇λ + Ŷ
]
div
=
1
32ǫ
∫
d2x
√
g
[
2Tr (ŜµνλŜµνλ) + 3Tr (Ŝ
λŜλ)− 16Tr N̂νν
]
, (8)
where Ŝµνλ and N̂µν are assumed to be completely symetric in their greek indices, Ŝλ ≡ Ŝ νλν ,
and ǫ = 2π(n−2). So far we have assumed that a minimal gauge of the standard type exists,
what is not evident in the case under discussion. Expanding the action (3) in powers of the
quantum fields, one verifies that there appear no terms of the form h¯✷2h¯, so that the matrix
K̂ in Eq. (6) is degenerate. (In higher dimensions, the corresponding term in standard R2-
gravity comes from the Weyl tensor squared, which vanishes identically for d = 2). Possible
solutions of this problem are the following. (i) One may gauge the field h¯µν away by adopting
the conformal gauge and by working in this conformal gauge. (ii) One may instead invent
some procedure in order to make the matrix K̂ in (6) non-degenerate “by hand”, for instance,
by adding some term which should not influence the divergences. (iii) And one may also
consider a (non-standard) non-linear gauge, for example, including curvature terms in the
gauge condition. In what follows we will apply the first two procedures and will show that
both give equivalent off-shell expressions for the one-loop divergences (up to surface terms).
In order to modify at the quantum level the second variation of the action, let us consider
the following term
δS = −ξ
2
∫
d2x
√
g Z6(Φ)h¯
µν
✷[2R˜µν − R˜g˜µν ]. (9)
Here the field Φ is classical, while the quantities with tildes contain both background and
quantum components, and hence must be Taylor expanded (to first order in fluctuations).
The weight factor ξ is arbitrary. As the expression in the square brackets on the r.h.s. of Eq.
(9) is zero precisely when d = 2, the divergent part of the effective action should not depend
on ξ. (Sometimes a non-essential renormalization of the background field is compulsory in
order to eliminate the ξ-dependence [5]).
Adding the term (9) to the initial action (as has been proposed for the 2D dilaton gravity
(1) in Refs. [5, 6]) may actually change the structure of the operator Ĥ (8). Finally, at the end
of the calculations one can put ξ equal to zero. However, since the intermediate expressions
acquire a pole at ξ = −1 or ξ = 0, we will consider the region ξ > 0 only. Note also that
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it is not evident that the ghost operator will become both minimal and non-degenerate for
ξ 6= 0, and this should be checked directly for the gauge under discussion.
Let us choose the gauge-fixing action in the form
SGF = −
∫
d2x
√
g χµCµνχν , (10)
where
χµ = −∇νh¯µν + 1
2(1 + ξ)
∇µh− 1
2(1 + ξ)
Z5
Z6
∇µϕ,
Ĉµν = (ξgµν✷+∇µ∇ν − ξRµν)Z6.
The one-loop effective action is given by the standard expression
Γdiv =
i
2
Tr log Ĥ − iTr log M̂ + i
2
Tr log Ĉ, (11)
where
Ĥij =
(
S(2) + δS(2) + SGF
)
ij
, M̂µν = Ĉµλ
δχλ
δuν
,
where uν are the gauge transformation parameters.
It is interesting to note that the divergent part of the last term in (11) is known to be a
λ-dependent surface term λ = −1/(1 + ξ), which is well defined only for λ > −1, i.e. ξ > 0.
Since we are not interested in surface divergences, this term will not be important for our
purposes. The calculation of the divergences being extremely tedious, we restrict ourselves
to the particular case Φ = const., while arguing that Γdiv is off-shell identical to that of the
less technical case of the conformal gauge. For Φ = const. the minimal quartic operator (6)
reads (only its non-zero components are written)
K̂ϕϕ = 2Z3 − Z
2
5
2(1 + ξ)Z6
, K̂ϕh = K̂hϕ = − ξZ5
2(1 + ξ)
, K̂hh =
ξZ6
2(1 + ξ)
,
K̂h¯ρσh¯αβ = −ξZ6P ρσ,αβ , P ρσ,αβ ≡ g(ραgσβ) −
1
2
gρσgαβ,
M̂µνϕϕ = −2C1gµν + (Z3 − 2Z4 + 2Z ′5)Rgµν ,
M̂µνϕh = M̂
µν
hϕ = −
1
2
C ′2g
µν − 1
2
(Z5 + 2Z
′
6)Rg
µν , M̂µνhh = Z6Rg
µν ,
M̂µν
h¯ρσh¯αβ
=
[
C2
2
+ (1 + ξ)Z6R
]
P ρσ,αβgµν + [(4ξ − 2)Z6R− C2]P ρσ,µλP αβ,νκgκλ. (12)
Now, there is a simple way to see how the h¯h¯ sector decouples, namely to set ξ → ∞, for
instance, and indeed the explicit calculation shows that the h¯h¯ terms only give ξ-independent
total derivatives.
The ghost operator has the form
M̂µν = ξ✷2gµν +R∇µ∇ν . (13)
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Discarding ξ-independent surface terms, one easily gets the following contribution to (11)
− 1
2ǫ
∫
d2x
√
g
[
2
ξ
R + · · ·
]
. (14)
This is clearly a surface term as well, but we have kept it to demonstrate that it cancels out
the corresponding term stemming from Tr log Ĥ. Performing some algebra (and using Eq.
(8)), we obtain
Γdiv[Φ = const] = − 1
2ǫ
∫
d2x
√
g
[
1
∆
(4C1Z6 + 2C
′
2Z5)
+
2
∆
(Z25 − 5Z3Z6 + 2Z4Z6 + 2Z5Z ′6 − 2Z6Z ′5)R
]
. (15)
All the ξ-dependent terms including the surface ones have cancelled exactly. This is a
pleasant surprise since, generally speaking, we would have expected that a renormalization
of the metric would be needed in order to eliminate ξ from the effective action (as in the
theory (1), see [5]). We will see below that the result of the calculation in the conformal
gauge at Φ = const. exactly coincides with Eq. (15).
Now, working in the conformal gauge, we split the fields according to
Φ −→ Φ + ϕ, gµν −→ e2σgµν . (16)
Under the conformal transformation, our basic action (3) becomes
S = −
∫
d2x
√
g e−2σ
{
Z1(Φ)g
µνgαβ∂µΦ∂νΦ∂αΦ∂βΦ+ Z2(Φ)g
µνgαβ∂µΦ∂αΦ∇ν∂βΦ
− Z2(Φ)gµνgαβ∂µΦ∂αΦ∂νΦ∂βσ + Z3(Φ)gµνgαβ∇µ∂αΦ∇ν∂βΦ+ 2Z3(Φ)gµν✷Φ∂µΦ∂νσ
− 4Z3(Φ)gµνgαβ∇µ∂αΦ∂νΦ∂βσ + 2Z3(Φ)gµνgαβ∂µΦ∂νΦ∂ασ∂βσ
+ Z4(Φ)Rg
µν∂µΦ∂νΦ− 2Z4(Φ)gµν∂µΦ∂νΦ✷σ + Z5(Φ)R✷Φ
− 2Z5(Φ)✷σ✷Φ + Z6(Φ)R2 − 4Z6(Φ)R✷σ + 4Z6(Φ)✷σ✷σ
+ e2σ [C1(Φ)g
µν∂µΦ∂νΦ + C2(Φ)R − 2C2(Φ)✷σ] + V (Φ)e4σ
}
. (17)
The corresponding ghost contribution to the divergences are just the surface terms and
hence they will be dropped. Thus, we have an effective theory of two scalars on a curved
background.
Expanding in powers of the quantum fields Φi ≡ {ϕ, σ}, we get
K̂ij = 2
 Z3 −Z5
−Z5 4Z6
 , L˜µνλij = A˜ρijg(λρ gµν),
Âλϕϕ = 4(Z
′
3 − Z2)∂λΦ, Âλ1ϕσ = 4(2Z4 − Z ′5)∂λΦ, Âλσϕ = 4(Z3 − Z ′5)∂λΦ,
Âλσσ = 16Z
′
6∂
λΦ, M̂ij = gµνM̂
µν
ij ,
6
M̂ϕϕ = −4C1 + 2(Z3 − 2Z4 + 2Z ′5)R + 2(Z ′′3 − 8Z1 − Z ′2)∂λΦ∂λΦ + 6(Z ′3 − Z2)✷Φ,
M̂ϕσ = M̂σϕ = −4C ′2 − 4(Z5 + 2Z ′6)R + 4(2Z4 − Z3 − 2Z ′5)✷Φ
+2(Z2 + 2Z
′
4 − 2Z ′′5)∂λΦ∂λΦ,
M̂σσ = 32Z6R + 16(Z5 + Z
′
6)✷Φ + 8(2Z4 − Z3 + 2Z ′′6)∂λΦ∂λΦ. (18)
Following the procedure (7)–(8), after some algebra the one-loop effective action can be
found to be (having dropped the surface terms)
Γdiv = − 1
2ǫ
∫
d2x
√
g
[
1
∆
(4C1Z6 + 2C
′
2Z5) +
2
∆
(Z25 − 5Z3Z6 + 2Z4Z6 + 2Z5Z ′6 − 2Z6Z ′5)R
+
1
∆
(
3
2
Z23 + 16Z1Z6 − Z2Z5 − 2Z3Z4 − 2Z24 + 2Z5Z ′3 + 2Z5Z ′4 − 6Z6Z ′2
+2Z6Z
′′
3) ∂
λΦ∂λΦ +
(
2(Z2Z6 − Z5Z ′5 + Z6Z ′3)
∆
)
′
∂λΦ∂λΦ
]
≡ − 1
2ǫ
∫
d2x
√
g
[
A1(Φ) + A2(Φ)R + A3(Φ)∂
λΦ∂λΦ
]
. (19)
As can be easily seen, for Φ = const. Eq. (19) coincides with the covariant gauge effective
action (15). Notice also that higher-derivative divergences do not appear.
The theory under discussion is one-loop multiplicatively renormalizable in the usual sense
if the following conditions are fulfilled
A1(Φ) = a1V (Φ), A2(Φ) = a2C2(Φ), A3(Φ) = a3C1(Φ), (20)
where a1, a2 and a3 are arbitrary constants. Many different sets of dilatonic functions in (3)
satisfy the conditions (20). A simple example of a multiplicatively renormalizable theory is
given by
Zi = e
Φ, i = 1, . . . , 6, C1 = const, C2 = const, V = const, (21)
or the even more immediate one Zi = 1, i = 1, . . . , 6, C1(Φ), C2(Φ) and V (Φ) being arbitrary.
Some other families of solutions can also be given explicitly.
It is easy to write the generalized renormalization group equations for our theory. In
particular, all generalized β-functions corresponding to the higher-derivative terms are zero,
and we have a large freedom because all the functions Zi are free parameters of the theory,
in the generalized renormalization group.
To be noted also is the fact that one cannot obtain the one-loop renormalization of low-
derivative 2D dilaton gravity (1) as a particular case of the theory (3). For that purpose it is
necessary to put the Zi in (3) equal to zero, but such a restriction contradicts condition (4).
The reason is that higher-derivative terms give essential contributions to the renormalization
of the low-derivative terms (but not to their own renormalization!). This fact completely
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changes the structure of renormalization, as compared with that of low-derivative dilaton
gravity [3].
3. σ-model interpretation. The use of the conformal gauge indicates the possibility to
interprete the theory under discussion as a certain D = 2 σ-model with higher derivatives.
Indeed, choosing the conformal gauge gµν → e2σgµν , one can represent the theory (17) as
S =
∫
d2x
√
g
[
T (X) +Rψ(X) +Gab(X)g
µν∂µX
a∂νX
b + C(X)R2 +R✷XaUa(X)
+Rgµν∂µX
a∂νX
bW
(1)
ab (X) + g
µνgαβ∂µX
a∂νX
b∂αX
c∂βX
dF
(1)
abcd(X)
+gµν✷Xa∂µX
b∂νX
cT
(1)
abc(X) + g
µνgαβ∇µ∂αXa∂νXb∂βXcT (2)abc(X)
+ ✷Xa✷XbM
(1)
ab (X) + g
µνgαβ∇µ∂αXa∇ν∂βXbM (2)ab (X)
]
, (22)
where
Xa = (σ,Φ), T (X) = −V (Φ)e2σ, ψ(X) = −C2(Φ), C(X) = −e−2σZ6(Φ),
Gab = −
 0 C ′2(Φ)
C ′2(Φ) C1(Φ)
 , (UΦ, Uσ) = −e−2σ(Z5(Φ),−4Z6(Φ)),
W
(1)
ab = −e−2σ
 0 0
0 Z4(Φ)
 ,
and the non-zero components of the remaining tensors are
F
(1)
ΦΦΦΦ = −e−2σZ1(Φ), F (1)ΦΦΦσ = e−2σZ2(Φ), F (1)ΦΦσσ = −2e−2σZ3(Φ),
T
(1)
ΦΦσ = −2e−2σZ3(Φ), T (1)σΦΦ = 2e−2σZ4(Φ), T (2)ΦΦΦ = −e−2σZ2(Φ), T (2)ΦΦσ = 4e−2σZ3(Φ),
M (1)σσ = −4e−2σZ6(Φ), M (1)σΦ = 2e−2σZ5(Φ), M (2)ΦΦ = −e−2σZ3(Φ). (23)
Thus, we have arrived to the particular case of D = 2 higher-derivative σ-model considered
in Ref. [1]. The field M
(2)
ab is of Stueckelberg type, and can be gauged away by integrating
by parts (this changes some other higher-derivative terms in (22)). The background field
equations in the linear approximation (which describe the first massive level of the corre-
sponding string) can be easily taken from [1] for our specific values of the functions under
discussion.
4. Dilatonic solutions. To simplify the analysis a bit, we start from the following version
of action (3)
S = −
∫
d2x
√
g
[
Z1g
µνgαβ∂µΦ∂νΦ∂αΦ∂βΦ + Z5R✷Φ + Z6R
2
+ C1(Φ)g
µν∂µΦ∂νΦ+ V (Φ)] , (24)
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where Z1, Z5 and Z6 are constants, and always Z5 6= 0 and Z6 6= 0. The corresponding
equations of motion are
δS
δΦ
= −4Z1∇α
(
gµνgαβ∂µΦ∂νΦ∂βΦ
)
+ Z5✷R + V
′(Φ)
+C ′1(Φ)g
µν∂µΦ∂νΦ− 2∇ν [C1(Φ)gµν∂µΦ] = 0,
1
2
gµν
δS
δgµν
= −Z1gµνgαβ∂µΦ∂νΦ∂αΦ∂βΦ+ Z5✷2Φ− Z5R✷Φ
−Z6R2 + 2Z6✷R + V (Φ) = 0. (25)
We will deal with black hole type metrics of the ordinary kind (using the gauge [7])
ds2 = −g(r)dt2 + g−1(r)dr2 −→ −dt2 + dr2, r →∞. (26)
Taking into account the t-independence of Φ (and meaning now ( )′ ≡ ∂r), we obtain
−4Z1
[
g2(Φ′)3
]
′
+ Z5 (gg
′′′)
′
+ V ′(Φ)/Φ′ − [C1(Φ)gΦ′]′ − C1(Φ) (gΦ′)′ = 0,
−Z1g2(Φ′)4 + Z5 [g(gΦ′)′′]′ − Z5g′′(gΦ′)′ − Z6(g′′)2 + 2Z6(gg′′)′ + V (Φ) = 0. (27)
From previous analysis of standard dilatonic gravity, we can expect to find solutions of these
quite involved differential equations (27) for string potentials of the form
V ∼ Λ + eλΦ(r). (28)
The solutions are of the kind
Φ(r) = a+ br, (29)
being Λ, λ, a and b some constants. This is indeed the case. By expanding g(r) in series
g = c +
α
r
− α1
r2
+ · · · , c = g(∞), (30)
it is not difficult to see that indeed solutions of (27) are found in the following two cases.
(a) Case Z1 6= 0, C1 = const. The equations of motion reduce to (with Φ = a + br)
−4Z1b4g2 + Z5bgg′′′ + V (Φ)− 2C1b2g = k,
−Z1b4g2 + Z5bgg′′′ − Z6(g′′)2 + 2Z6(gg′′)′ + V (Φ) = 0, (31)
where k is an arbitrary constant (of integration). A solution is found for arbitrary Λ, with
b2 = − C1
3Z1c
, (32)
(in other words, satisfying Φ′(r)2 ≃ −C1/(3Z1g(1/r))), with the only restriction that α = 0,
i.e., that
dg
dr−1
∣∣∣∣∣
r−1=0
= 0. (33)
9
This solution is obtained by substituting the expansion (30) into the equations of motion
(27), and it is exact up to terms of order O(r−4). That all terms up to this order can be
matched for both equations with so few requeriments is not trivial at all, as can be seen
immediately by comparing with different ansa¨tze.
(b) Case Z1 = 0, C1(Φ) ∼ V (Φ). This is also an interesting situation and the result is very
similar to the previous one. The equations of motion can now be written as (again with
Φ = a+ br)
Z5b (gg
′′′)
′
+ V ′(Φ)− 2b2 [C1(Φ)g]′ + C ′1(Φ)b2g = 0,
Z5bgg
′′′ − Z6(g′′)2 + 2Z6(gg′′)′ + V (Φ) = 0. (34)
As before, a solution which is exact up to order O(r−4) is obtained for
b2 =
V ′(∞)
g(∞)C ′1(∞) (35)
(this is a non-zero constant), for a potential of the form (28). (Actually, to match the terms
up to order four in r−1, also potentials e.g. of the form V = V0
(
1− e−v/r4
)
would do, but
these particular forms are too connected with the approximation one is working at).
In contrast, it is also easy to check that an ansatz of the type Φ = a + log(r − r0) does
not lead to any solution in the first case, unless g = const., a trivial situation. In the second
case, one could say that a solution is obtained (in principle) to order O(r−4), since all terms
do vanish to this order. However, it is not really meaningful as an approximation to a series
solution, since already the first non-vanishing terms cannot be compensated in any way.
5. Concluding remarks. Of course many questions are still left for future investigation of
such higher-derivative D = 2 σ-model. Some of them have been listed in Ref. [1]. One of
particular importance for us concerns the relations between the β-functions corresponding
to the couplings in (22) or, more precisely, which of these β-functions are independent? The
answer for the case of the standard σ-model (first three terms in (22)) is well known (see for
example [8]), but not for the full higher-derivative σ-model (22). As we could see from the
calculations in the previous section, only T (X), ψ(X) and Gab(X) are getting renormalized
in the one-loop approximation, and only through higher-derivative terms (or in the case of
T (X) through a mixture of higher-derivative and lower-derivative terms).
The other interesting question which remains open concerns the interpretation of the
condition of the vanishing of the β-functions in the model under discussion. However, all
these questions should be first understood for the case of the general higher-derivative σ-
model [1].
10
Note, finally, that the model discussed in this work provides a big arena for the study
of 2D black holes and their properties, like Hawking radiation [9], etc., and surely deserves
further study.
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